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Introduction

* About Motion
* Finding the motion of scene objects from time-
varying images 1s important in many applications.
* object tracking
* video compression
 camera stabilization (jitter correction)

* ctc.
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Introduction

e About Motion

s

* The motion of an object generally results 1n a
displacement vector 1n the 1mage plane

I

* The collection of these displacement vectors 1s
referred to as motion field

object motion
..... o]l displacement

CoP ¥ vector

image plane ﬁ)
\—l. Nkfustcc




%E’Eﬂg&

N
&
PS/ Introduction
* About Motion

* The methods for computing motion field can be
generally divided into two classes.

* Feature Tracking (sparse): track the extracted visual

features (corners, texture patch) over time

* Optical Flow (dense): use brightness variations in

time-varying images.

Horn and Schunck method is in the class of optical flow
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Introduction

* About Optical Flow

* Definition: the apparent motion of brightness
patterns 1n the 1mage.

£l v |
. ( l ‘ (Ax, A
,Ay)
(x, 51) | (x +Ax,y + Ay) optical flow
Uy, = AX
. | N Vxy = Ay
I(.;t) I(;t+1)

image at time ¢ image at time t + 1 P)
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Introduction

* About Optical Flow

* Optical flow generally corresponds to the object
motion field but not always.

o,

Z axis

« B T
F < 11
« «

e R

Barber’s Pole Motion Field Optical Flow
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Introduction

* About Optical Flow: Common Assumption

* Stimple World: motion of the object surface is
directly related to the one of brightness pattern

* Brightness Constancy: brightness patterns
before/after movement remains the same.

I(x,y;t) = I(X + Uy, Y+ Uyt + 1)
m o
¥ (x + Uyy),
(x.) Y + )

I(.; ¢ I(;t+1) \ﬁ)n r_
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Brightness Constraint

* Taylor Expansion
* Let f(x) be a continuous and n-order differential
function.

* f(x) can be expressed as a series of power terms
at any point x = a

first differential second differential
"(a) "(a)
f(x)=f(a)+f1' (x—a)+f2' (x —a)? +--

a chosen constant

a
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Brightness Constraint

* Taylor Expansion

A !
/ \/ 9 16 =f@+ 2 - a)
+f/I(Cl) (x _ a)z ..

a=1

* Linear Approximation: constant and first
differential terms

fx)=f@+f(@)xx-a)
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F=x/ Brightness Constraint

by, b
(7 <
n, &
v, He™
Uniyersigy of ¢

N\

* Taylor Expansion

‘ / N\ f)

D\

A

a ;+Ah
fx)=f(a)+f'(a) x(x —a)

fla+Ah) =f(a)+ f'(a) X (a + Ah — a)
x < a+ Ah

> X
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Brightness Constraint

* Taylor Expansion: Three Variables
 extend the variable x = (x,y,t)

fooy,n (@b x)><opad.am))

f(x)=&)+f'(a)x(x—a) a]c'f_ Lo\
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Brightness Constraint

* Formula Derivation

* consider a sequence of time-varying images
I(x,y;t) as a function with three variables

* let the optical flow of a point (i, j, k) be (u;;, v;).

4>x

4

t

—>X i)
y T vy
N
/ l+uij,]+vl-j,
(ijk) t=k b=kl k+1)

I(l,],k) = I(l +ul-j,j+vl-j;k+ 1)
v\_n'/N;:fustcc
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F=/ Brightness Constraint

* Formula Derivation
* approximate point value I(i + w;;,j + v, k + 1)
by Taylor expansion at (i, j, k)
I(i +w,j + v,k + 1)

N
I(x,y,1) oI(i,j k
/\ =I(i,j, k) + (&) )X(“ij)

(uyj, vij, 1)\/ 0x =1,
aN (i, j, )

g t + x (i)

— © dy _
(l;]; k) (l+ul],]+vl],k+ 1) T — It
before after + 01(L.J k) X (1)

movement movement ot =71
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Brightness Constraint

* Formula Derivation
* substitute /(i + u;;,j + v;;; k + 1) from Taylor
expansion 1n brightness constancy
I(i,j; k) = 1(i +uy; ,j + vk + 1)
I(l/]/{) = I(l,JA)_lH (i,); k) X (ulf)
+1, (l ji k) x (vi;) + 1. (i, j; k)
0= L(i,j; k) % (w;) + L, j; k) % (v/,ﬂ + 1.(i,j: k)
1+ gy + vk +1) = 1GJi ) +1L,Gji o) x () ﬁ)

+1,(i, j; k) x (vij) + 1.(i, j; k) ”
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Brightness Constraint

* Formula Derivation

Le(i,j; k) x (ui) + 1, (0, j; k) x (vi;) + 1.(i,j; k) = 0

i

— X time: k

|
R GjiR)= (EEL G EEY)
HE(T Gy iy 3 Ri~+ TGy Ai31R) )

\t

(i j) (i+1, j) time: k+1
e
.\& ij) @) G+1.J)
\» \~
(G, j+1) (i+1, j*+1)
e @l  iinlniin

H{@K@Hﬁ%%@)-l@ﬂ%ﬂ@))%

QG D) LG8 kD)) )
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Brightness Constraint

* Formula Derivation

[#3225) X (u32) + 8,255 (2 ) HH{#£(8,2R)=00

f  mes . [(99—54) + (27 — 105) +
1.(3,2,k) = —2d.25
Gy |4 time: k+1 o\ 42-74) + (44 - 60)
y .\\9; 3,2) 42| 1,(3,2,k) =—-8.25
>4 e | e | [(105—54) + (27 —99) +
3, 3) 4,3 74 42 II%E%’ 9 }g = 21d.25
o (60 — 74) + (44 — 42)
©— 3,3) “,3)
105 27—
\'6-0 \24 | [(74=54) + (42 -99) +
1,3,2,k) = 7
(60 — 105) + (44 — 27)

D)
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Brightness Constraint

* Formula Derivation

L(i,j; k) x (u;;) + L0, j; k) % (vij) + 1.(i,j; k) = 0

Normal Vector
(L (6, )5 k), I, (6, J; k)

-
-
P
-
-
e
-’

’
’

Brightness

4 .
Constraint

_ ui]-
additional constraint is necessary
for determining optical flow of each point P)N
\_l. kfustcc
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Horn-Schunck Method

* Smoothness Constraint
* Assumption: objects in the scene commonly
undergo rigid motion or deformation

* Property: neighboring points have similar optical
flows (smoothness)

 Definition: optical flow of the point (i, ) 1s the same
as ones at the points (i +1,j) and (i,j + 1)

()  (i+1))

(i, j+1) P)
\—l. Nkfustcc
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Horn-Schunck Method

e Smoothness Constraint

— X —> X
) J- , j-1
y (,J-1) y (i, j-1)
o — @ [ ] — @
(-Lj) @) (+L)) (-Lj) @) (L))
G, j+1) G, j+1)
u component v component

1 2
Z ((uij — ui+1,j)2 + (vii — vi+1,j)

—+ (uij _ui,j+1)2 + (vij — vi,j+1) ) =
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Horn-Schunck Method

* Optimization Formulation
* Given: two 1images I(.,t) and I(.,t + 1)
* Goal: estimate dense optical flow (u;;,v;;) of all
points (i, )
* Conditions: meet the constraints for all (i, j)

Brightness: I,(i,j; k) X w;;j+1,(i,j; k) X vii +1:(i,j; k) =0

2 2
Smoothness 1 (uij — i ) T (vij ~ Vi1 ) =0

4 (uy — “i,i+1)2 + (v — vi,,-+1)2
T et
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Horn-Schunck Method

* Optimization Formulation

* Objective Function: sum of brightness error
E, (.) and smoothness error E¢(.).

> weight parameter

E(u,v) = iEb(u, v) + E.(u, v)
departure from brightness constraint 5

Ep(u,v) = z (Ix(i:j; uj + L, 30, j; kv + 1.3, f; k))
(L))

departure from smoothness constraint
N L (g - wiv1y) + (V5 = Visrs)’
ES (ur v) _ n

(i) t (“ii - ui,j+1)2 T (vi,- - ”i.f+1)2
I Nt



Horn-Schunck Method

0 1—2>3 4 5 (6242 395689 1+
l" 1 |134l175| 95| 50 | 162 }—— y(l,l-.-k3=1
M 162 1 133‘17&[(@#5@)11%35%4—33}3)
11134
50 134] 2 *52 93 | 50
21175 1%
o5 liels 50 | 162 10
4| 50|95 93150 V1EE
5 162 50 87 95 0 -9.751-5.751 9.25 1 5.25 | 5.25
~ 25 175 0 3.251 6.5 |-3.25] -6.5 | -6.5
I(.; k)
50 | 95 |176|134] 2 |134 o lololol o]
162| 50 | 95 |175]134] 1 o lolol ol o]

G k+1) ) )



IX 0.5 | 44.0 |-35.5] -16 | 455] O Iy 0.5 ] -129 |-81.5] -8 |-45.5]-45.5 It 0 -10 | -13 8 11 11
-86.5]-12.5]-8.25] 20 | 5.25]-5.25 86.5 | 72.5 |-4.25]-14.5]18.25]18.25 0 -23 |-25.2] 20.5 J22.75)22.75
20 |-104 |11.75]-11.2]84.25]-84.2 -19 | 9.25 113.73]12.75]27.25]27.25 0 ]-9.75]-5.75] 9.25 ] 5.25 ] 5.25
63 |-28.2| 3.5 1-90.7]134.5] -134 -63 128.25] 92 | 5.25]-38.5]-38.5 0 ]3.25] 6.5 |-3.25] -6.5] -6.5
-33.5] 63 19 |-86.5] -0.5| 0.5 335] -63 ] -20 | 86.5] -0.5] -0.5 0 0 0 0 0 0
-33.5] 63 19 |-86.5] -0.5 | 0.5 -33.5] 63 20 |-86.5] 0.5 ] 0.5 0 0 0 0 0 0

E(u,v) = AE,(u,v) + E.(u,v)

Hoo Uio U2 U330 U Us

S

B :
w w e w e we Ep(uv) = > (i Oy + 1,6 ji vy + (s )
Wos Ws W Un Wi Us (L.J)

Uoy U+ U224 U334 U  Usq

— (O.SUOO + 0.51700 + 0)2

Uos U5 U2 U3 U Uss

Voo | Vioe Vo V3o Vi Vs + (4‘4‘”10 _ 1291710 _ 10)2

Voo Vi Va Vi Va Vs

Ve Viz Va2 Vi Ve Vs + ...

Vs Viz Vi Vi Vs Vs

+ (0.5u55 + 0.51755 + 0)2

Vo# Vi4 V24 V3¢ V44 V54

Vos Vis V25 V35 V4 Vss



0o 1 2 3 4 5 E(u,v)=/1Eb(u,v)+ES(u,v)

Uoo—Bro— Io Uz Uw Uso ) )

Lloz ll] Uz U3 Ua  Usi E (u v) _ zl (ul] - ul+1,]) + (vl] — vl‘l'l:])
S\*H 2 2

Uz Uiz U2 U2 U2 Us2 (l’]) 4‘ (ul] — ui,j+1) _|_ (vl] - vi,j-l—l)

((uoo —U10)* + (Voo — v10)2>

(Uoo — Ug1)* + (Voo — Vo1)?

Uozs U1z U2 U3 U3 Uss

Uos U4 U2¢4 U4 UHss—Thss

N

Uos U5 U2 U3s 5 Uss

2 2
1 ((uig—uz0)® + (V10 — v20)
Voo—Weo—W20 V3o Vo Vs + - 2 2
VL ‘L 4\ (uq9 —uq1)* + (V10 — v11)
1 1 Y Vi1 Va Vi1
Vo2 Viz V22 V2 V& o Vs2 _|_ e

Vo3 Vi3 V2 V33 V43 V53

Vos Vie Vau V4 Vi st 1 (“44 - u54)2 + (”44_ _ v54)2
Yos Vis V25 V35 \ls Vss + A — 2 —_ 2
4\ (Ugs — uys5)” + (V4q — V45)



=3
)
B

%

Horn-Schunck Method

* Optimization Formulation
* Goal: find the optimal (@, ¥) in the (u, v)
parameter space that minimizes E (u, v).
(i, 7) = argmin E (u, v)
(wv)

AE(u,v)

. > (u,v) 6
ﬁ, i oo )
( ) \_. N‘kfusfcc



=3
2
B

%

Horn-Schunck Method

* [terative Optimization
* E(u,v) 18 a quadratic function w.r.t. any u;; or v;;
* The extrema of E(u, v) 1s at the derivatives equal
to zero w.r.t. any u;; oOr v;;

— 0E(u,v)

E ’ = L L
(u,v) 4 o, 0 V(j)
/”ﬂ

JE (u,v) V(i i
- o - s — l’)
“‘ // // ) — avij O ( ])

_____

6
\_. Nkfusfcc



,%\iﬁ’f-lig,

Horn-Schunck Method

* [terative Optimization

B e i SR itpron o)

Uy

G,j) (1)
@) ® % %il}'fl’ﬁiﬁl(ﬁ i;"""‘((@ﬁﬁ?;ié' 11))22

2

G 0 L
= aurs (Ix(O;O; t)uO(y./Iy(O,O, t)vOO + It(O,O, t))‘l‘/

N 5]
0U,g

2 =0
(Ix(r, S Oilpg + L, (1, 5; )0ys + I (1, 5; t)) J/ P)
1
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o —0 1\ |

+ 0 1 (ur5-1 _}/7‘:'5‘1)24_(””_1_ r+1’£1 2 Y1 1;
01

Ours 4\ @ (-1 — )’ + (Vrs /= vrs)’ |
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=N’
o 1{ @) (u,_16— ur’S)Z + (V15 5 Vrs) s-1
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=0
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9, Y 2

(Ix(r; S; Ds + Iy(r; $; Vs + 1t(7, s t))

L =1, = I
N 2 2

0 l (ur,s—l - urs) + (ur—l,s _ urs)

Mtrs 4 (urs - ur+1,s)2 + (urs - ur'5+1)

EQu,v) = AX
aurs aurs

= AX 2 X (Lttys + Iyvps + 1) X I

<2><(ur31 Mx( 1)+ 2 x (1,14 Mx(—l))
4

2 X (urs Uri1 s) X(1)+2xX (urs Uriq s) X (1)

= A% 2% (I2ups + LLveg + Lly)
Urs-1
1 s

a Z X (ur,s—l + Ur_15 + Urits + ur,s+1)> Urs Reagl

+2 X (urs

p— ur,s+1
- uT’S

General Power Law: % [FOOI* =n x [f(x)]* 1 x a’;gcx)
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Horn-Schunck Method

* [terative Optimization

E(u,v -
(w,v) =2 >;Z>< (BBu,s + Llyvps + 1 1,) J#x (u,s—,5)=0

ou,

E(u,v
(o) _ A ;Zx (Lelyitys + 120 + L) 424 (v, —Ur5) = 0

0V,

(1 + )J,%)urs +(/Ux1y)vrs = Uy 5 — ALl

system of two linear equations ( AL, ]y)ur < _|_(1 +2 I}z})vrs =V, — 2 Iy I,

in two unknows u,.¢ and v,
Q;fushg



Horn-Schunck Method

* [terative Optimization

= aq — b1 = C1
(1+ A2, +(ALL)v,s =, — AL,
= aZ — bZ = CZ
(Mx[y)urs +(1 =F )Jj%)v,,s =Vyps — Alyl;

U X L+ T X I+ I
Hrs = thrs = A1+ 12 42 *Lx
x Ty

s X L+ Trs X 1y + 1,
1.2 12 X I
A2 412

long calculation p_ . =v,  —

a|x + bly =C byc1—bicy d1€270A2€C1 " &
X = ——— y=——"—"" il
azx -|— bzy = C2 albz—azbl albz_azbl \_. Nkfustcc
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Horn-Schunck Method

* [terative Optimization

* Estimating optical flow by solving all equations
simultaneously 1s very costly

e Each point has a pair of equations with two
unknowns.

e This results in w X h X 2 equations in total

* An iterative algorithm 1s used for optical flow
estimation in Horn-Schunck Method.

6
< <
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Horn-Schunck Method

* [terative Optimization

(nt1) _ (S Kbl P I + 1,

Uy s = Upg

/\‘x XIx

A7 R I+ 1D

-?_(nﬁl_ %L 0l *W 7, XLy + 1 x

1 |
TR

new value old average
u@™) gD
(¥ 1) average 1—)(n+1)[ 1
computation
value
updating

/@
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=/ Horn-Schunck Method

* [terative Optimization: Algorithm
* Input: (1) two 1mages: I(.,t) and I(.,t + 1); (2)
paramters: A and N (number of iterations)

* Initialization
* pre-compute three derivatives: I, I, and I;
* initialize (u;;, v;;) of all points (i, ;) to (0.0,0.0)

0.5 |44.0|-35.5| -1 |45.5| 0 |Ix
1:4 i ) el el ; 0.5 |-120f-81.5] -8 |-45.5]-455 Iw 0 0 0 0 0 0 u(O)
— 1:4 124 12795 Zz z;) 15602 _ZE 0o | -10 -1: s [ 11| It Z : T 1. T.1.1 U(O)
s A _ol 0 | 23 |-252| 205 |22.75)22.75 + 1T T
e mmee — 0 [-9.75]-5.75)9.25 | 5.25| 5.25 — 0 0 0 0 0 0
o2l s :: 0 |3.25| 65 [3.25] 65| -65 0 0 0 0 0 0
50 | 95 [176[134] 2 |134 5 By R B AT
I(-;t) 162] 50 | 95 |175|134] 1 ﬁo T T T T, T T T T
I( ! t + 1) '\‘_/ l:fustec
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Horn-Schunck Method

* [terative Optimization: Algorithm
* [teration (for n=0 to N — 1)

* Average Computation: compute (i;;"™, v;™) v (i, )

e Value Updating: update (u("+1), ("“)) V(i)

J(i) _g{

1 u;
prtil) — ) Y
= ﬁ‘}{i,y;—_l -







